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Abstract
We prove that in the limit mb,mc → ∞ with mc/mb fixed, factorization holds at order αs for
the decay Λ0b → Λ+c pi−. This proof is done in the infinite-momentum frame in which the momenta
of pi, Λc, and Λb go to infinity. Our result is renormalization-scale- and scheme-independent at
O(αs). This is the same as the QCD factorization for B → Dpi.
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Nonleptonic weak decays of heavy hadrons are of great interest, since they provide a good
area to understand the standard model and to find new physics beyond the standard model.
For these decays, the evaluation of the hadronic matrix elements is the most difficult problem
due to the involvement of nonperturbative QCD effects that prevent us from the complete
treatment of these matrix elements within the perturbative approach. QCD factorization
was proven to be applicable to b-meson decays by Beneke, Buchalla, Neubert, and Sachrajda
[1–3]. They showed that in the case of heavy-light final states only factorizable diagrams
contribute in the heavy-quark limit, leading to easier treatment of the hadronic matrix
elements.
There have been far fewer theoretical studies for heavy baryons than for heavy mesons. In
recent years, more and more experimental results about heavy baryons have been reported
by various experimental collaborations [4, 5]. In the near future, the copious production of
heavy baryons is expected at the Large Hadron Collider at CERN. Therefore, it is urgent to
study heavy baryons in much more detail theoretically. It is the aim of this paper to study
heavy-baryon nonleptonic decays in the framework of QCD factorization, focusing on the
decay Λ0b → Λ+c π−. This situation is much more complex than the B meson decays because
the additional light quark in Λb (and Λc) generates many more Feynman diagrams. However,
we will prove that most of these diagrams are power-suppressed in the heavy-quark limit,
leaving only the factorizable vertex corrections at O(αs). This means that factorization
holds at O(αs) for the decay Λ0b → Λ+c π−.
The effective Hamiltonian for the weak decay Λ0b → Λ+c π− is [6]
Heff =
GF√
2
V ∗udVcb [c1(µ)Q1 + c2(µ)Q2] +H.c., (1)
where GF is the Fermi constant, c1 and c2 are Wilson coefficients at the scale µ [which is
O(mb)], Vud and Vcb are Cabibbo-Kobayashi-Maskawa matrix elements, and Q1 and Q2 are
four-quark operators that have the following form:
Q1 = d¯γµ(1− γ5)uc¯γµ(1− γ5)b,
Q2 = d¯
iγµ(1− γ5)uj c¯jγµ(1− γ5)bi, (2)
where u, d, c, and b represent quark-field operators, and the superscripts i and j are color
indices.
The typical radii of baryons are of the order 1/ΛQCD because of QCD confinement. This
allows us to make the following power-counting rule for the wave functions of the valence
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Fock state ΨX (X stands for π, Λc, Λb): it is of the order fXΦX/Λ
δX
QCD (δX = 2 for X = π,
and δX = 4 for X = Λb,Λc) when the transverse momenta of the valence quarks ∼ ΛQCD and
0 when the transverse momentum of at least of one of the valence quarks≫ ΛQCD, where fX
is the decay constant of X , and ΦX is the light-cone distribution amplitude of X . Following
Ref. [2], the light-cone distribution amplitude Φpi has the following power-counting rule: Φpi
is O(1) when the longitudinal-momentum fractions of the valence quarks are O(1), while Φpi
is O(ΛQCD/mb) when either of the longitudinal-momentum fractions of the valence quarks
is O(ΛQCD/mb). Similar to B mesons, we find that for ΛQ (Q stands for b or c), ΦΛQ is of
O[(mΛQ/ΛQCD)2] when both the longitudinal momentum fractions of the light quarks are of
O(ΛQCD/mΛQ) and is 0 elsewhere. The power-counting rules for the decay constants are
fpi ∼ ΛQCD, fΛQ ∼
Λ3QCD
mΛQ
, (3)
which follow directly from the power-counting rules of the wave functions and the light-cone
distribution amplitudes and their normalization conditions.
Our work is done in the infinite-momentum frame of Λb. We start with the rest frame
of Λb, in which π moves along the z axis; then, we go to the infinite-momentum frame by
making a Lorentz boost along the z axis. In this frame, the energy of Λb (denoted by E),
the mass of Λb, and the QCD scale ΛQCD are hierarchically ordered as E ≫ mΛb ≫ ΛQCD.
The relations of the momenta of the three particles are pΛb : pΛc : ppi = 1 : z
2 : (1 − z2),
where z = mc/mb (in the heavy-quark limit mΛc/mΛb = mc/mb).
The diagrams in Figs. 1 and 2 are tree diagrams (denoted by TA and TB, respectively).
Figure 1 is factorizable. The probability of finding a hadron in its valence Fock state is
O(1). We use the valence Fock states of Λb, Λc, and π to make the power estimation (we
will show later that higher-Fock-state contributions are either power-suppressed or can be
absorbed into the form factors of factorizable diagrams). First of all, TA has the order of
the following:
TA ∼ 〈π−|d¯γµ(1− γ5)u|0〉 · 〈Λ+c |c¯γµ(1− γ5)b|Λ0b〉. (4)
Note that the above expression holds for both Q1 and Q2 in Eq. (1). The difference between
their contributions is just a color factor which does not change the order. The two matrix
elements in the above expression are related to the decay constant of π− and the form factors
of the transition Λ0b → Λ+c , respectively. In the heavy-quark limit, one has [7, 8]
〈Λc|c¯γµ(1− γ5)b|Λb〉 = ζ(ω)u¯(pΛc)γµ(1− γ5)u(pΛb), (5)
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where ζ(ω) is the Isgur-Wise function (ω is the velocity transfer). Then, it can be seen
that TA is of the order fpiu¯(pΛc)/ppi(1 − γ5)u(pΛb). The diagram in Fig. 2 would violate
factorization, but, in the following, we will prove that this diagram is power-suppressed
compared to that in Fig. 1 in the heavy-quark limit.
From the structure of Fig. 2, one can see that TB can be expressed as an overlap of wave
functions of Λ0b , Λ
+
c , and π
− as the following:
TB ∼
∫
[dξdp⊥]Ψ
∗
piΨ
∗
ΛcΨΛbu¯(pcΛc )γ
µ(1− γ5)u(pbΛb )Edpiδ(3)(~pdpi − ~pdΛb )EuΛbδ(3)(~puΛc − ~puΛb )
×Cr1r2 u¯r1d (pdΛc )γµ(1− γ5)vr2u (pupi), (6)
where the subscripts qX (q = u, d, c, b, X = Λ
0
b ,Λ
+
c , π
−) represent the quark q in the hadron
X ; Cr1r2 (r1 and r2 are helicity indices with values of 1 or 2) are the Clebsch-Gordan
coefficients that equal (−)1/√2 for r1 = r2 = 1(2) and 0 elsewhere; and
[dξdp⊥] =
∏
X=Λ0
b
,Λ+c ,pi−
[(∏
q
dξqXd
2pqX⊥
2(2π)3
√
ξqX
)
2(2π)3δ
(
1−
∑
q
ξqX
)
δ(2)
(∑
q
~qqX⊥
)]
, (7)
with ξqX and pqX⊥ representing the longitudinal-momentum fraction and the transverse
momentum of the quark q in the hadron X , respectively. Since we are working in the
infinite-momentum frame, we can replace the spinor u(pqX) by
√
ξqXu(pX) safely. Taking
into account the power-counting rules for the valence Fock-state wave functions, we find
that TB is of the order
1
Λ4QCD
fpifΛcfΛbu¯(pΛc)γ
µ(1− γ5)u(pΛb) · Cr1r2u¯r1(pΛc)γµ(1− γ5)vr2(ppi). (8)
We can express the spinor u(p) of a baryon (with mass m 6= 0) by a Lorentz boost from its
rest frame: u(p) = Λ 1
2
(p,m)u(m), where Λ 1
2
(p,m) is the spinor representation of the Lorentz
transformation, which boosts a four-vector (m,~0) to p. Then, after some straightforward
derivation, one can obtain the order of TB, which is
1
Λ4QCD
fpifΛcfΛbu¯(pΛc)γ
µ(1− γ5)u(pΛb)
1√
mΛcmpi
×tr[γµ(1− γ5)(/ppi −mpi)Λ 12 (ppi, mpi)γ5Λ
−1
1
2
(pΛc , mΛc)(/pΛc
+mΛc)]. (9)
We find that the factor Λ 1
2
(ppi, mpi)γ5Λ
−1
1
2
(pΛc , mΛc) has the form of
1
m2Λb
√
z(1 − z2)
√
mΛb
mpi
γ5
[
/ppi/pΛc
+
zmpi
(1− z2)mΛb /
p
Λc
/ppi
]
, (10)
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in the frame in which we are working. The leading term /ppi/pΛc
is cancelled when we substitute
Eq. (10) into Eq. (9), so the order of TB is TB ∼ TA(ΛQCD/mb)2. Therefore, the only
diagram that contributes at the leading order of αs is the one in Fig. 1 in the heavy-quark
limit, which is factorizable. In this situation, the decay amplitude for Λ0b → Λ+c π− can be
written in the form of the so-called naive factorization (NF),
ANF = ia1(µ)GF√
2
V ∗udVcbfpiζ(ω)u¯(pΛc)/ppi(1− γ5)u(pΛc), (11)
where a1(µ) = c1(µ) + c2(µ)/Nc (Nc is the color number). We can reexpress a1(µ) as
a1(µ) = c¯1(mb) +
c¯2(mb)
Nc
[
1 +
αs(µ)
4π
CF
(
11 + κ+ + 6 ln
µ2
m2b
)]
, (12)
where c¯1(mb) and c¯2(mb) are scheme-independent Wilson coefficients, CF = (N
2
c −1)/(2Nc),
and κ+ is a scheme dependent parameter that equals 0 (±4) in the Nave Dimensional
Regularization (t’ Hooft-Veltman) scheme. We can see that the scheme and scale dependence
of a1(µ) is an O(αs) effect.
Next, we will prove that at order αs, factorization still holds in the heavy-quark limit. At
O(αs), the diagrams can be classified into three categories: corrections to TA, corrections to
TB, and annihilation diagrams. We will discuss each of them in the following.
There are two kinds of diagram that are corrections to TA: one kind is the vertex correc-
tions shown in Fig. 3, which are factorizable, and the other kind is the so-called “nonfactoriz-
able” spectator-scattering diagrams similar to those in Ref. [2]. Unlike two nonfactorizable
spectator-scattering diagrams in the case of B → Dπ, there are four such diagrams for
Λ0b → Λ+c π− due to an additional light quark in Λb (and Λc). One can find that each of them
are of the order αsTA, which is not suppressed. However, the leading terms cancel when one
sums up all of the four diagrams, leading to power suppression. This is similar to the case
of QCD factorization for B → Dπ[2].
There are, in total, 11 diagrams for the O(αs) corrections to TB, which can be classified
into two categories. The first category is the vertex corrections to TB that contain one loop,
while the second category is tree diagrams. We prove that all of them are power-suppressed.
The first kind of diagram contains infrared and ultraviolet divergences because of the loops,
but since this kind of diagram is of the order αsTB, these diagrams are still power-suppressed
in the heavy-quark limit.
Now, we discuss the contributions from nonvalence Fock states. The proof for the suppres-
sion of higher-Fock-state contributions of the π meson is very similar to the decay B → Dπ
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[2]. We still have to consider the situation when Λb and/or Λc are at their nonvalence Fock
states while π is at its valence Fock state. Most of this kind of diagram are factorizable and
can be absorbed into the form factor of the transition Λb → Λc. However, when (at least)
one of the valence quarks of π comes form the sea quarks of Λb, the diagram is nonfactoriz-
able and cannot be absorbed into the form factor. We have to consider this kind of diagram
explicitly. Figure 4 shows two typical diagrams of this kind. To prove the suppression of
these diagrams, we have to give the power-counting rules for the nonvalence Fock states of
Λb. Notice that the probability that Λb is in its valence Fock state is O(1); the power of the
wave function of the nonvalence Fock state is, at most, the order obtained, if we assume that
the probability that Λb is in the nonvalence Fock state is a constant (that is not suppressed
by 1/mb). This means that we can adopt similar power-counting rules to that of the valence
Fock state. The wave functions of the n-parton nonvalence Fock state Ψ
(n)
Λb
are of the order
f
(n)
Λb
Φ
(n)
Λb
/Λ2n−2QCD when the transverse momenta of all partons ∼ ΛQCD; and are 0 when the
transverse momentum of at least one of the partons ≫ ΛQCD. The light-cone distribution
amplitude is Φ
(n)
Λb
∼ (mΛb/ΛQCD)n−1 when all the fractions of the longitudinal momenta of
the light partons are of O(ΛQCD/mΛQ) and is 0 elsewhere. The power-counting rule for f (n)Λb
is Λ
3
2
(n−1)
QCD /m
1
2
(n−1)
Λb
. With the above power-counting rules, we find that the first diagram of
Fig. 4 is power-suppressed. The second diagram is even more suppressed, because at least
one of the partons that goes into π is collinear, i.e., the fraction of its momentum is O(1);
however, this cannot happen because of the power-counting rule of the light-cone distribu-
tion amplitude of Λb. There may be other diagrams with even more partons in Λb and Λc.
But with the restriction that π should be at its valence Fock state, the extra partons should
go directly from Λb to Λc. This situation is similar to either the first or the second diagram
in Fig. 4. Then, we complete the proof of suppression of nonvalence Fock-state diagrams.
There are some diagrams that need not be considered at all. Figure 5 is an example.
It looks like a correction to TB of the second kind at first sight. However, noticing the
crucial point that the gluon in this diagram is soft, it can be included in the wave function
of Λb. This means that this diagram can be absorbed into TB. In Fig. 6 we give two other
examples. Since the gluons are also soft, the two quarks generated form the gluon can be
viewed as clouds in Λb. This corresponds to Λb in a nonvalence Fock state, i.e., bduqq¯. Then,
the two diagrams in Fig. 6, in fact, belong to the two diagrams in Fig. 4, respectively. Now,
we complete the proof of factorization for the decay Λ0b → Λ+c π− at order αs.
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The factorizable diagrams shown in Figs. 1 and 3 contribute to the decay amplitude of
Λ0b → Λ+c π− up to O(αs). The decay amplitude is then
AΛ0
b
→Λ+c pi−
=
GF√
2
V ∗udVcb〈π−|d¯γµ(1− γ5)u|0〉 · 〈Λc|c¯γµ(a1V − a1Aγ5)b|Λb〉, (13)
where
a1j = c¯1(mb) +
c¯2(mb)
Nc
[
1 + αs(µ)
4pi
CF
∫ 1
0
dxΦpi(x)Fj(x, z)
]
, (14)
with j = V,A. The functions Fj(x, z) are defined as
Fj(x, z) =
(
3 + 2 ln
x
x¯
)
ln z2 − 7 + f(x, ǫjz) + f(x¯, ǫj/z), (15)
where x¯ = 1− x, ǫj = 1(−1) for j = V (A), and the function f has the following form:
f(x, z) = −x(1− z
2)[3 + z − 3x(1− z2)]
[1− x(1− z2)]2 ln[x(1 − z
2)− iǫ]− z
1− x(1 − z2)
+2
{[ ln[x(1− z2)− iǫ]
1− x(1− z2) − ln
2[x(1 − z2)− iǫ]− Li2[1− x(1− z2) + iǫ]
]
− [x→ x¯]
}
.
(16)
In order to deduce Eq. (13), we have to deal with the loop integrals from the vertex-
correction diagrams shown in Fig. 3. Each of the diagrams in Fig. 3 contains both ultraviolet
and infrared divergences. We isolate both of these kinds of divergences via dimensional
regularization. When neglecting the transverse momenta of the quarks, one can find that
the infrared divergences of the four diagrams cancel. Although this cancellation not happen
when the transverse momenta are not neglected, the extra infrared divergence is still power-
suppressed in the heavy-quark limit. So, we can neglect the transverse momenta safely.
Then, we apply renormalization in the MS scheme to get rid of the remaining ultraviolet
divergence.
We can see that the coefficients a1V and a1A are independent of the scale and scheme at
O(αs). This is the same as the B → Dπ decay. Although a1V and a1A gain scale dependence
through the running coupling constant αs(µ), this dependence appears at higher orders in
αs.
Noticing that the decay amplitude is Lorentz-invariant, Eq. (13) also holds in the rest
frame of Λb, even though it is derived in the infinite-momentum frame of Λb.
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With the values of the parameters from the Particle Data Group [9], we obtain the
branching ratio for the decay Λ0b → Λ+c π−,
BR(Λ0b → Λ+c π−) = |ζ(ω)|2 × 1.74× 10−2 × (1± 5.4%), (17)
where the uncertainty (5.4%) is mainly from the Cabibbo-Kobayashi-Maskawa matrix ele-
ment |Vcb|. If working in the naive-factorization approach, one would find the number 1.74 in
Eq. (17) is replaced by 1.64±0.06, where the uncertainty comes mainly from the scheme and
scale dependence. The Isgur-Wise function ζ is model-dependent. There are several models
for the Isgur-Wise function: for example, the soliton model [10], ζ(ω) = 0.99e−1.3(ω−1); the
MIT bag model [11], ζ(ω) = [2/(ω + 1)]3.5+
1.2
ω ; and the Bethe-Salpeter-equation model [12].
Our numerical results for the branching ratio are (5.7± 0.3)× 10−3, (3.2± 0.2)× 10−3, and
(4.5 ± 0.9) × 10−3 in these three models, respectively, while the latest experimental data
from the Particle Data Group is (8.8± 3.2)× 10−3 [9]. It can be seen that the soliton model
and the Bethe-Salpeter equation model agree with the experimental data better.
In summary, we have proved that QCD factorization holds for Λ0b → Λ+c π− and that the
decay amplitude is renormalization-scale- and scheme-independent at O(αs) in the heavy-
quark limit. We find that, numerically, vertex-correction diagrams raise the branching ratio
of Λ0b → Λ+c π− by about 6% compared with that obtained in the naive-factorization ap-
proach. Details of the proof will appear in our forthcoming paper [13].
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FIG. 1. The factorizable diagram at the tree level, denoted by TA. Heavy lines represent heavy
quarks (same in the following figures).
FIG. 2. The nonfactorizable diagram at the tree level, denoted by TB.
FIG. 3. Vertex corrections to TA.
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FIG. 4. Two examples for Λb → Λcpi when Λb and/or Λc are at their nonvalence Fock states.
FIG. 5. An example diagram that should not be considered. This diagram in fact belongs to TB .
FIG. 6. Two other example diagrams that can be included in the diagrams in Fig. 4 and should
not be considered.
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